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ALMOST KAHLER DEFORMATION QUANTIZATION 

ALEXANDER V. KARABEGOV AND MARTIN SCHLICHENMAIER 

Abstract. We use a natural affine connection with nontrivial tor- 
sion on an arbitrary almost-Kahler manifold which respects the 
almost-Kahler structure to construct a Fedosov-type deformation 
quantization on this manifold. 



1. Introduction 

Let (M, {•,-}) be a Poisson manifold. Denote by C°°(M)[[z/]] the 
space of formal series in v with coefficients from C°°(M). Deformation 
quantization on (M, {-,■}), as defined in fll], is an associative algebra 
structure on C°°(M)[[i/]] with the i/-linear and i/-adically continuous 
product * (named a star-product) given on /, (7 G C°°(M) by the for- 
mula 

00 

(1.1) /*^7 = E'^'^'-(/'^)' 

r=0 

where C^^r > 0, are bilinear operators on C°°(M), Co{f,g) = fg, and 
Ci{f,g) — Ci{g,f) = i{f,g}. A star product * is called differential if 
all the operators Cr, r > 0, are bidifferential. 

Two differential star products * and *' are called equivalent if there 
exists an isomorphism of algebras i? : (C°°(M)[[z/]], *) — > (C°°(M) [[z/]], *' 
where B = Id+ vBi + z/^i?2 + . . . and Br.,r > 1, are differential oper- 
ators on C°°{M). 

If (M, uj) is a symplectic (and therefore a Poisson) manifold then to 
each differential star-product * on M one can relate its characteristic 
class c/(*) e {l/ii^)[uj] + H\M,C)[M (see |T1 , , |28| , ) . The 
equivalence classes of differential star-products on (M, u) are bijectively 
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parameterized by the elements of the affine vector space (1/zz/)[li;] + 
H'^{M,C)[[i/]] via the mapping * i— > cl{*). 

The existence proofs and description of equivalence classes of star- 
products on symplectic manifolds were given by a number of people (see 
|g,|2|,[|14l for existence proofs and 0,0,121], JTTl for the classifica- 



tion). The questions of existence and classification on general Poisson 
manifolds were solved by Kontsevich in |]2^ . 

Historically the first examples of star products (Moyal-Weyl and 
Wick star-products) were obtained from asymptotic expansions of re- 
lated symbol products w.r.t. a numerical parameter h (the 'Planck 
constant'), as /i ^ 0. Later a number of star-products on Kahler man- 
ifolds were obtained from the asymptotic expansion in h of the sym- 



bol product of Berezin's covariant symbols (see [l7| , ||8[] , p[| , [p5[l , p6| , ||2l| 



These star-products on Kahler manifolds are differential and have the 
property of 'separation of variables': the corresponding bidifferential 
operators Cr differentiate their first argument only in antiholomorphic 
directions and the second argument only in holomorphic ones. The 
deformation quantizations with separation of variables on an arbitrary 
Kahler manifold where completely described and parameterized by geo- 
metric objects, the formal deformations of the Kahler (l,l)-form (see 



19|). The star-products obtained from the product of Berezin's co- 



variant symbols on coadjoint orbits of compact semisimple Lie groups 
where identified in |21[] (that is, the corresponding formal (l,l)-form 
was calculated). 

Another interesting case where star-products are obtained from sym- 
bol constructions is the so called Berezin-Toeplitz quantization on ar- 
bitrary compact Kahler manifolds , |HT]| , . In this quantization 
scheme Berezin's contravariant symbols are used (see 0), which, in 
general, do not have a well defined symbol product. The semiclas- 
sical properties of Berezin-Toeplitz quantization in were proved 
with the use of generalized Toeplitz structures developed by Guillemin 
and Boutet de Monvel in [||. With the same technique for compact 
Kahler manifolds an associated deformation quantization, the Berezin- 
Toeplitz deformation quantization, was constructed However, 
this construction is very implicit and it is a daunting task to calculate 



with its use the operators Cr even for small values of r. In p3[ the 
Berezin-Toeplitz deformation quantization was shown to be a differ- 
entiable deformation quantization with separation of variables and its 
classifying (l,l)-form was explicitly calculated. Thus the operators Cr 
of the Berezin-Toeplitz deformation quantization can be calculated re- 
cursively by the simple algorithm from . 
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It was shown by Guillemin in [|1^ that, using generahzed Toephtz 
structures, it is even possible to construct a star-product on an ar- 
bitrary compact symplectic manifold. Later Borthwick and Uribe ^ 
introduced a natural 'almost-Kahler quantization' on an arbitrary com- 
pact almost-Kahler manifold by defining an operator quantization of 
Berezin-Toeplitz type. From results by Guillemin and Uribe |TB[ it 



follows that the generahzed Toeplitz structure associated to these op- 
erators exists and the correct semi-classical limit in the almost Kahler 
case follows like in Therefore there should exist the correspond- 
ing natural deformation quantization on an arbitrary compact almost- 
Kahler manifold. It would be interesting to describe this deformation 
quantization directly. 

The goal of this Letter is to show that one can construct a natural de- 
formation quantization on an arbitrary almost-Kahler manifold using 
Fedosov's machinery. To this end we use the natural affine connec- 
tion introduced by Yano which respects the almost-Kahler struc- 
ture. This connection necessarily has a nontrivial torsion whenever the 
almost complex structure is non-integrable. We generalize Fedosov's 
construction to the case of affine connections with torsion and obtain 
a star-product on an arbitrary almost-Kahler manifold. In the Kahler 
case this star-product coincides with the star-product with separation 
of variables (or of Wick type) constructed in Our considerations 
were very much motivated by the paper where the calculations 
concerning the star-product from |^ were made in arbitrary local co- 
ordinates (rather than in holomorphic coordinates as in [^). 

It follows from the results obtained in and that the charac- 
teristic class of the star-product from is (l/'ii/)[ci;] — {l/2i)e, where e 
is the canonical class of the underlying Kahler manifold. The canonical 
class is, however, defined for any almost-complex manifold. 

We calculate the crucial part of the characteristic class cl of the star- 
product * which we have constructed on an arbitrary almost-Kahler 
manifold, it's coefficient Cq at the zeroth degree of u. As in the Kahler 
case, co(*) = —{l/2i)e. 

Acknowledgements. We would like to thank B. Fedosov and 
S. Lyakhovich for stimulating discussions, and the Referee for useful 
comments. A.K. also thanks the DFG for financial support and the 
Department of Mathematics and Computer Science of the University 
of Mannheim, Germany, for their warm hospitality. 

2. A CONNECTION PRESERVING AN ALMOST-KAHLER STRUCTURE 



In this sections we recall some elementary properties of the Nijenhujs 
tensor and reproduce the construction from of a natural affine 
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connection on an arbitrary almost-Kahler manifold, which respects the 
almost-Kahler structure. 

Let (M, J,uj) be an almost-Kahler manifold, i.e., a manifold M en- 
dowed with an almost-complex structure J and a symplectic form uj 
which are compatible in the following sense, uj{JX, JY) = u{X, Y) for 
any vector fields X, Y on M, and g{X, Y) = uj{JX, Y) is a Riemannian 
metric. Actually, in what follows we only require the metric g to be 
nondegenerate, but not necessarily positive definite. It is known that 
on any symplectic manifold (M, u) one can choose a compatible almost 
complex structure to make it to an almost-Kahler manifold. 

In local coordinates {x'^} on a chart U G M set 

dj = d/dx\ J{dj) = Jjdk, ujjk = uj{dj,dk), gjk = g{dj,dk) . 

Then 

(2.1) J} = g.o.ou'^' = g'^'uo.j, 

where (g^^) and (cu-'^) are inverse matrices for (gki) and (um) respec- 
tively. Here, as well as in the sequel, we use the tensor rule of summa- 
tion over repeated indices. 

The Nijenhuis tensor for the complex structure J is given by the 
following formula: 

(2.2) N{X, Y) := [X, Y] + J[JX, Y] + J[X, JY] - [JX, JY] , 

where X, Y are vector fields on M. In local coordinates set N{dj, dk) = 
N^jkdi- Formula (|2.2| ) takes the form 

(2.3) N]^ = {d^Jpt - {d^Ji)Jf + {9^4 - dkJ^)4- 

Let X be a vector field of type (1,0) with respect to the almost-complex 
structure J. Then it follows from formula ( |2.2|) that 

N{X, Y) = {1+ iJ){[X, Y] + J[X, JY]) . 

Therefore N{X,Y) is of type (0,1). The latter is also true if Y is of 
type (1,0) instead. Similarly, if X or y is of type (0,1) then N{X,Y) 
is of type (1,0). In particular, if X and Y are of types (1,0) and (0,1) 
respectively, then N{X,Y) = 0. Therefore, {l±iJ)N{{l±iJ)dj,dk) = 
and A^((l ± iJ)dj, (1 =F iJ)dk) = 0, from whence we obtain the two 
following formulas: 

(2.4) iVj, = j;iVf,4 and iVj, = - J^iV^^jf . 

Let V be an arbitrary affine connection on M. In local coordinates let 
r^;, be its Christoffel symbols and Tj^ = F^-^ — F'^^- the torsion tensor. 
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In the sequel we shall need the formula 

(2.5) VjUkl + VkOOlj + VlUJjk = -{T^k^al + T^lOJaj + T^CU^fc), 

which easily follows from the closedness of uo. Here := Vg-. 
By a direct calculation we get from formula ( p.3|) that 

(2.6) N]^ = {V.Jpt - i^aJi)J- + (V, Jf - Vfcj/)4 - 5j„ 
where 

(n 7\ qI fjil jarpl jf3 . jarjifS jl jarpP jl 

\^-') '-'jk — '''jk '^j -'-a/S'^k ~^ '^j -'-ak'^fS k aj 

Assume that the connection V respects the almost-complex structure 
J. Then formula (E.6|) reduces to 



(2.8) iVj, = -S^,. 

Thus ( p.8|) is a necessary condition for V to respect the almost-complex 
structure J. 

One can check directly with the use of formulas (|2.4]) and ( p.7|) that 

if 

(2.9) i;', = (-l/4)iVj, 



then condition ( |2.8| ) is always satisfied. 

Proposition 2.1. Let V be the unique affine connection which respects 
the metric g and has the torsion given by formula l \2.(^ ). Then V also 
respects the symplectic form uj and therefore the complex structure J. 



This result is due to Yano 32 . For the convenience of the reader we 



provide here a proof of the statement. 

Proof Denote Zjm = T^^Uai + T^cu,,- + T^^^Uak = (-l/4)(Ar« cu,; + 
^ki^aj + N^uJak)- Clearly, Zjki is a totally antisymmetric tensor. It 
follows from (12. 51) that 



(2.10) VjUki + Vk^ij + "^i^jk = -Zjki- 
First we show that 

(2.11) J^Zakl = Jk^alj = Jl^Zajk- 

One has 

(2.12) J'^Z^ki = (-l/4)(j;iVf,.;^, + j;iV,%fc + JfN^ki^^^). 

Using (U) and (|2l|) one obtains JfN^^^upi = -Nf^J^^upi = -Nf^g^i. 

Similarly, JfN^^upk = -N^jQak- Finally, JfN^iUjp^ = -N^igaj- There- 
fore 

JfZ^ki = {l/^KN^k9c.i + N^jgak + N^igaj), 
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from whence follows. 
Formula (12. 61) takes the form 



(V. j;.)4" - (v.4)^r + (y^J'k - v.j;)4 = 



/3n jl 



(2.13) 

due to the fact that ( ^^ is now satisfied. Using (|2.1| ) and the condition 
that V respects the metric g we rewrite ( p.l3| ) as follows: 



(2.14) g"'iy^top,)J'^ - g"'iV^ujf,k)Jf + g'^'iV^u^j, - ^kUJo.j)Jp = 



JI3 



a(3/ 



tI 



Using ( |2.1| ) once more, we get g"^^ Jp 
in the form 



al 



-g^^ Jp and rewrite ( p.l4| ) 



(2.15) {Vai^Pj)Jk - (yaUJf3k)Jf - (yjU^o^k " VfeCU,,-)^^ 



0. 



ajk- 



It follows from formula ( |2.10| ) that VjUJak 
Therefore one gets from ( p.l5| ) that 

(2.16) (V,a;^,)</fc + i'^aUJkf^)Jf - (V,^,fc) J| = J^Z^^k. 

Cyclicly permuting the indices f3^j—*k—^f3 in ( |2.16| ) and adding 
the resulting equation to ( p.l6| ) one obtains 



(2.17) 2(V a ^l3j)Jk — JpZajk + Jj'ZakiS — ^'Jk ^al3j- 

The last equality in ( p.l7| ) follows from ( p.ll| ). Thus 

(2.18) VaCU/jj = Zal3j- 

Summing up ( |2.18|) over all the cyclic permutations of indices a,P,j, 
one gets from ( |2.1CI| ) that —Za/sj = SZa/3j. Therefore Za/3j = 0. Now 
the statement of the proposition follows from ( |2.18| ) and ( |2.1| ). □ 



IJuZn 



Notice that if (M, J, iS) is a Kahler manifold then the connection V 
from Proposition |2.1| is just the Kahler connection. 



3. A MODIFICATION OF FEDOSOV'S CONSTRUCTION 

In this section we shall slightly modify Fedosov's construction to ob- 
tain a deformation quantization on an almost-Kahler manifold (M, J, a;) 
endowed with a fixed affine connection V which respects the almost- 
Kahler structure and has a nontrivial torsion. The existence of such a 
connection was shown in the previous section. 

As in Section ^, we shall work in local coordinates {x*^} on a coor- 
dinate chart U <Z M and use the same notation. Following Fedosov, 
denote by {y^} the fibre coordinates on the tangent bundle w.r.t. the 
frame {dk}- 
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We introduce a tensor A-'*^ := uj^^ — ig^^ on M and define the formal 
Wick algebra Wx for x G M associated with the tangent space T^M, 
whose elements are formal series 

r>0,|«|>0 

where a is a multi-index and the standard multi-index notation is used. 
The formal Wick product on Wx is given by the formula 

(3.1) aob{y) :=exp (yA^'^^^j a{y)b{z)U=,. 

Taking a union of algebras we obtain a bundle W of formal Wick 
algebras. Denote by W the sheaf of its smooth sections. The fibre 
product ( |3.1| ) can be extended to the space W (8> A of IV-valued differ- 
ential forms by means of the usual exterior product of the scalar forms 
A. 

We introduce gradings deg,^, degs, dega on W ® A defined on homo- 
geneous elements v,y^,dx^ as follows: 

degu{v) = 1, degsiy'') = 1, dega{dx'') = 1 . 

All other gradings of the elements u, y'', dx^ are set to zero. The grading 
dega is induced from the standard grading on A. 

The product o on W ® A is bigraded w.r.t. the grading Deg = 
2degi, + degs and the grading dega- 

The connection V can be extended to an operator on W (8> A such 
that for a G W and a scalar differential form A 

(3.2) V(a ® A) := (J^ - ^ky'^^ ® (d^' A\)+a®d\. 

Using formulas ( p.l|) and ( |3.2| ) one can show that V is a dega-graded 
derivation of the algebra (W ® A, o). 

We introduce Fedosov's operators 6 and on W ® A as follows. 
Assume a G W ® A is homogeneous w.r.t. the gradings degs and dega 
with degs{a) = p, dega{a) = q. Set 



,-/ N , ^ da , 1 I -i-y^i iSi^ if » + o > 0, 
dy^ |0, ifp = g = 0. 

Then for a G W ® A one has 

(3.3) a = 55~^a + 5'^5a + a{a)^ 

where a cr(a) is the projection on the (fief's, (ie(y'a)-bihomogeneous 
part of a of bidegree zero {degs{a) = dega{a) =0). It is easy to 
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check that the operator 6 is also a (ie^fa-graded derivation of the algebra 
(W® A,o). 
Define the elements 

T := ^ uOsaTkiV^'dx^ A dx^ and •= ^ ^saRmU^y^dx'' A dx^ 

of W ® A, where 

dx^ dx'- 

is the curvature tensor of the connection V. Then the formulas 



-QS It kt I -ps -pa ps pee 

-"■ifci a^h a^l + ^ fcaJ- It ^ la^ kt 



(3.4) [W,5] = -adwickiT), V = --adwickiR) 



can be obtained by a direct calculation using (|3.1| ), (|3.2| ) and the iden- 
tity 

(3.5) UsaRm = ^taRgkl 

proved in (the proof is valid also for connections with torsion). In 
(|3.4| ) [-, ■] is the (ie^fa-graded commutator of endomorphisms of W ® A 
and adwick is defined via the dega-graded commutator in (W ® A, o). 

The following two theorems are minor modifications of the standard 
statements of Fedosov's theory adapted to the case of affine connections 
with torsion. We shall denote the Det^-homogeneous component of 
degree k of an element a G W ® A by a^''\ 

Theorem 3.1. There exists a unique element r G W ® A such that 
j.(o) — ^(1) _ dega{r) = 1, 5~V = 0, satisfying the equation 

6r = T + R + Vr r or . 

V 

It can be calculated recursively with respect to the total degree Deg as 
follows: 

r(2) = 6-% 
r(3) = r^ f Vr(2)-lr(2)or(2) 



r 



k 

(fc+3) ^ ^-1 j y^(fc+2) _ 1 ^^(/+2) Q ^{k-l+2) \ ^ > 1. 

^ 1=0 / 

Then the Fedosov connection D := — 5 + V — -adwick{r) is fiat, i.e., 
D^ = 0. 

The proof of the theorem is by induction, with the use of the identities 

6T = and 6R = VT. 
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The identity 6T = follows from ( |2.5| ) and the fact that the connection 
V respects the form u. The identity 6R = VT can be proved by a direct 
calculation with the use of ( |3.5| ). 

The Fedosov connection Z) is a cief^a-graded derivation of the algebra 
(yy ® A, o). Therefore Wd := ker D n W is a subalgebra of (W, o). 

Theorem 3.2. The projection a : Wd C°°{M)[[u]] onto the part of 
deQs-degree zero is a bijection. The inverse mapping r : C°°(M)[[z/]] —>■ 
Wd for a function f G C°°{M) can be calculated recursively w.r.t. the 
total degree Deg as follows: 

rur = /, 

riff^'^ = 6-' (^Vr(/)W - ^|:arfH^,.,(r('+^))(r(/)('=-')) j ,k>0. 

The product * on C°°(M)[[z/]] defined by the formula 

f*g:= a{T{f)oT{g)) , 
is a star-product on (M, J^oj). 



Assume that the connection V in Theorem is as in Proposition 
Then in the case when (M, J, uj) is a Kahler manifold the star- 
product given by Theorem |3]^ coincides with the star-product of Wick 
type constructed in 0. 

4. Calculation of the class cq 

It is well known that to each star-product * on a symplectic manifold 
(M,a;) a formal cohomology class c/(*) G {l/iv)[uj\ + if^(M, C)[[z/]] is 
related (see, e.g., [|r§]). This class (named the characteristic class of 
deformation quantization) determines the star-product up to equiva- 
lence. Denote by co(*) the coefficient of c/(*) at zeroth degree of the 
formal parameter v. The class cq is, in some sense, the most intriguing 
part of the characteristic class cl. Only the coefficient co(*) of the class 
c/(*) = (l/zz/)[ci;] + co(*) + . . . can not be recovered from Deligne's 
intrinsic class. Also the cohomology class of the formal Kahler form 
parameterizing a quantization with separation of variables on a Kahler 
manifold differs from the characteristic class of this quantization only 
in the coefficient Cq (see pO[|). 

In this section we shall calculate the class cq of the deformation 
quantization obtained in Theorem p.2| . First we recall the definition 
of the class cq of a star-product (|1.1|) (see, e.g., ||2^). For a function 



/ G C°°(M) on a symplectic manifold (M, tu) denote by ^/ the corre- 
sponding Hamiltonian vector field. For a bilinear operator C = C{f, g) 
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denote by C~ its antisymmetric part, C^{f,g) := (1/2)(C(/, (?) — 
C{g, f)). A star-product * given by ( |1 . 1| ) is called normalized if Ci{f, g) = 
{i/2){f, g}. For a normalized star-product * the bilinear operator is 
a de Rham - Chevalley 2-cocycle. There exists a unique closed 2-form x 
such that for all f,g e C^{M) one obtains C^{f,g) = (l/2)x(^j, ^g). 
The class Cq of a normalized star-product * is defined as Co(*) := [x]. 

It is well known that each star-product on a symplectic manifold is 
equivalent to a normalized one. One defines the class co(*) of a star- 
product * as the cohomology class co(*') of an equivalent normalized 
star-product In order to calculate the class co(*) of the star-product 
* from Theorem we shall first construct an equivalent normalized 



star-product 

We introduce the fibrewise equivalence operator on W defined by the 
formula 

(4.1) G := exp (-Z/A) , 

where A is given in local coordinates as follows: 

A = -g^''- 



4 dy^y^ 

It is well known that the fibrewise star-product o' defined on W as 
follows, ao' b := G{G~^ o G~^h), is the Weyl star-product: 

(4.2) a o' b (y) = exp {^{-^^'g^) a{y)h{z) 
The following formulas 

(4.3) [V, A] = [V, G] = and [5, A] = [5, G] = 

can be checked directly. 

Pushing forward the Fedosov connection D obtained in Theorem l3]l 



via G and taking into account formulas ([4.3[) we obtain a connection 



D' = GDG-^ = -5 + V - ^ adweyi{r') , 

where r' = Gr and adweyi is calculated with respect to the o'-commutator. 

Denote by Wd' '■= ker D' nW the Fedosov subalgebra of the algebra 
(W, o'). Clearly, Wd' = GWd. One can show just as in Theorem |3]^ 
that the restriction of the projection a to Wd', o" : Wd' — ^ C°°{M) [[z/]], 
is a bijection. Denote its inverse by r'. Then f*'g := a{T'{f)o' T'{g)) is 
a star-product on (M, u) which is equivalent to the star-product *. The 
operator B : (G°°(M) [[i/]], *) (G~(M)[[i/]], *') given by the formula 
Bf = a(GT{f)) establishes this equivalence. 
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From now on let C,., r > 1, denote the bidifferential operators defin- 
ing the star-product We have to show that Ci{f,g) = {i/2){f,g} 
and calculate C2 in order to determine the class Cq{*) := Co(*')- 

For a G W we prefer to write a\y=o instead of a (a). For / G C°°(M) 
set 

r(/)=to(/) + ^ti(/) + ^%(/) + ... • 
Since o-(r'(/)) = T'{f)\y=o = / we have to(/)|y=o = / and tr{f)\y=o = 
for r > 1. It follows from Q that for f,g E C°°{M) 

f*'g = (r'if) o' r'{g)) |,=o = (wMg) + 



K.pg f "9^0 (/) dtoig) 



from whence 

(4.4) = 
Similarly one obtains that 

(4.5) Q-(/.<,) = (^Jfl^JM + 9M/)9«o(9) 



For an element a^'^^ G W ® A of Det^-degree d denote by af^ its ho- 
mogeneous component of c/ef/s-degree s. We have to calculate t'(/)(^) 
and the component T'(f)^^'' of T'(f)^^K It follows from the condition 
D'r'if) = that 

(4.6) 

r'(/)(^+^) = 6-' (^Vr'(/)(^) - ^^advye,K(rO('+^))(r'(/)(^-^))j , A: > 0. 



Since r'(/)(°) = /, we get from (|;6D for = that r'(/)(^) = {df/dxP)yP. 
Therefore {dto{f)/dyP)\y=o = df/dxP. Now (0) implies that Ci(/, c/) = 
(i/2){/, i.e., that the star-product *' is normalized. 
Taking into account that T'{fY'^^ is of cie^fs-degree 2, we obtain from 
for k = 2 that 



(4.7) 

.V)f) = -Ir' („d„,„((Of' )(r'(/)'")) = (^"^^^ 
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Before calculating {r')f^ one can directly derive from ( [1. 51) and 
the following formula: 



(4.8) x=l5((r')f)). 

Denote by [■, -jo the commutator with respect to the Wick multipli- 
cation o. We shall need the following technical lemma which can be 
proved by a straightforward calculation. 

Lemma 4.1. Let a = a)^ \ b = b)^ be two homogeneous elements of 
W, (l/z/)[a, b]o = c(2) = + cf \ then = z/A (c^^^ . 

Using the fact that the operator G respects the total grading Deg 
and 5 lowers both Deg- and rfeg's-gradings by 1, one can obtain from 
formula (14.31), and the formula r' = Gr that 



(4.9) 5((r')f^) = 5rf ^ - z/A (^5rJ' 
We get from Theorem |3.1| that 

(4.10) 5r(3) = i? + Vr(2)-lr(2)or(2) 



I 

V 

where 

1 



Since the element r*^^^ is of cief^a-degree 1, we have 

(4.11) lr(2) or(2) = 1- [r(2),r(2)]„ = c^^) = ^ 

We obtain from (|4?T0| ) and (^TII) that 

(4.12) brf = -4^^ and Srf = R + Vr^^) - c^^\ 
It follows from (gj), (U), (|4l^ ), and Lemma |4l| that 

(4.13) X = -iA{R + Vr(2)) = -Ij^Rl^^dx^ a dx' - iA, 



where A = A(Vr'^^)). Introduce a global differential one-form /x = 
(1/6) J*Tj^ fix' on M. A direct calculation shows that A = (i/i, therefore 
the form A is exact. 

Recall the definition of the canonical class e of an almost complex 
manifold {M,J). The class e is the first Chern class of the subbun- 
dle TqM of vectors of type (1,0) of the complexified tangent bundle 
TcM. To calculate the canonical class of the almost-Kahler manifold 
(M, J, uj) take the same affine connection V on M as that used in the 
construction of the star-product *. Denote by i? = {l/2)R^i^idx^ A dx'' 
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the curvature matrix of the connection V and by 11 = {l/2){Id — iJ) 
the projection operator onto the (l,0)-subspace. It follows immediately 
from that R\j^i = (see i.e., TrR = 0. The matrix URU 

is the curvature matrix of the restriction of the connection V to T^M. 
The Chern-Weyl form 

7 = (l/i)Tr(n^n) = (l/i)Tr(n^) = (-1/4) J* i?,^,^^'^ A dx^ 

is closed. The canonical class is, by definition, e := [7]. Now it is clear 
from (|]T§) that 



(4.14) co(*) = [x] = -{l/2i)e. 
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